Deconfined Quantum Criticality and Conformal Phase Transition in Two-Dimensional 

Antiferromagnets 
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Deconfined quantum criticality of two-dimensional SU(2) quantum antiferromagnets featuring a 
transition from an antiferromagnetically ordered ground state to a so-called valence-bond solid state, 
is governed by a non-compact CP model with a Maxwell term in 2+1 spacetime dimensions. We 
introduce a new perspective on deconfined quantum criticality within a field-theoretic framework 
based on an expansion in powers of e = 4— d for fixed number N of complex matter fields. Namely, we 
show that in the allegedly weak first-order transition regime, a so-called conformal phase transition 
leads to a genuine deconfined quantum critical point. In a conformal phase transition, the gap 
vanishes when the critical point is approached from above and diverges when it is approached from 
below. We also find that the spin stiffness has a universal jump at the critical point. 

PACS numbers: 64.70.Tg, ll.10.Kk, 11.15.Ha,75.10.Jm 



Many years have passed since a new paradigm for 
quantum phase transitions, the so-called deconfined 
quantum criticality (DQC) scenario, was introduced lj. 
In this new paradigm, the effective quantum field theory 
does not contain any elementary fields representing the 
order parameters associated with the underlying compet- 
ing orders. Rather, it is assumed that in certain quan- 
tum phase transitions these order parameters are not ele- 
mentary, being themselves composed of more elementary 
fields in the same way that in elementary particle physics 
mesons are constituted by quarks. The precise context 
where this happens involves competing orders featuring 
broken internal and spacetime symmetries. This occurs, 
for example, in certain SU(2) quantum antiferromag- 
nets (AF) where S't/(2)-invariant interactions compete. 
A paradigmatic example is the so-called J — Q model [5] , 
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where both J and Q arc positive. Defining the dimension- 
aless coupling g — Q/J, we obtain the schematic phase 
diagram shown in Fig. [I] For j<l the first term in (fTl) 
dominates, favoring a Neel state. For j>1 the plaquette 
term in Eq. (nl dominates, favoring a valence-bond solid 
(VBS) ordered state. The Neel state breaks an internal 
symmetry, namely SU(2). The VBS state preserves the 
SU(2) symmetry while breaking the symmetries of the 
square lattice. As one broken symmetry is internal [the 
SU(2) one] and the other one is a spatial one, quantum 
mechanics forbids their coexistence, since the VBS state 
is a long-range entangled state while the Neel state is 
long-range ordered. Making the conventional assump- 
tion that both order parameters are the most elementary 
objects, an analysis using the Landau-Ginzburg- Wilson 
approach would in principle allow for the coexistence of 



the Neel and VBS states. Furthermore, such an analy- 
sis would invariably imply a first-order phase transition. 
The DQC scenario circumvents this, because the opera- 
tors measuring both Neel and VBS order are comprised of 
more fundamental objects. These are the spinons, which 
are represented by an SU{2) doublet of complex fields 



{z\,Z2) satisfying the constraint \z\\ 



*2 



= 1 



at each lattice point. Geometrically, this constraint rep- 
resents the sphere S3, which is the manifold associated 
with the SU(2) Lie group. In terms of the spinon fields, 
the fields representing the Neel and VBS order param- 
eters are U(l) gauge-invariant objects. Thus, the effec- 
tive spinon theory is naturally represented in terms of 
an Abelian gauge theory having a global SU(2) symme- 
try [T]. The gauge field arising in such a theory is an 
emergent "photon". Moreover, the U(l) gauge field is 
originally defined on the lattice, and hence it is neces- 
sarily compact. This leads to magnetic monopole ex- 
citations that gap the dual of the photon, defined as 
Bfj = e^ v \d v A\ even in the phase where the expecta- 
tion value of the Higgs field is zero, corresponding to the 
paramagnetic phase. This gap is the same as the mass of 
the magnetic monopoles [3] . The VBS phase is one where 
the spinons are confined (see the discussion in the caption 
of Fig. [I]). Thus, the emergent photon is gapped in both 
the Neel and VBS phases, but in two different ways. One 
of the most fundamental predictions of the DQC scenario 
is that the mass of the dual photon continuously vanishes 
for g approaching a quantum critical point g c from above, 
thus suppressing the magnetic monopoles at the quan- 
tum critical point [T]. The precise mechanism for this 
is destructive interference between the staggered Berry 
phase of the quantum AF and the magnetic monopoles. 
The Berry phase suppresses the monopoles as the phase 
transition to the Higgs (Neel) phase is approached. For 
a version of this theory with easy-plane anisotropy, the 
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FIG. 1. Schematic phase diagram for the J — Q model 
[Eq. (TTj)] showing a quantum phase transition between a Neel 
state and a VBS as a function of the dimensionless coupling 
g — Q/J. Both the Neel and the VBS order parameters 
are composed of spinon fields. On the lattice, they corre- 
spond to the composite fields ru = {—iyz* a (T a pZi and to 
V'vbs,; = {—iyL~ 1 J2j z *a z iaZ* /s Zii3, where L is the number 
of lattice sites. In terms of the spinons Zi a both fields rep- 
resent U(l) gauge-invariant operators. In the Higgs phase, 
the spinons condense due to a spontaneous U{\) symmetry 
breaking, leading to a Neel state. In the confinement phase, 
all excitations are gapped and the spinons are confined, lead- 
ing to a VBS state. In the Neel phase the emergent photon 
is gapped, while in the confined phase it is the dual of the 
emergent photon of the Higgs phase which is gapped. 



suppression of magnetic monopoles has been confirmed 
by Monte Carlo (MC) simulations |3]. In the easy-plane 
case, the suppression occurs in a weak first-order phase 
transition, and no quantum criticality ensues |4j [5] . 

For the SU{2) model, early MC results indicated a 
weak first-order phase transition [7. Simulations per- 
formed on the J—Q model have mostly yielded a second- 
order phase transition and strong signs of an emergent 
U(l) symmetry 015119], although a weak first-order 
phase transition has also been reported [TDJ. Since the 
J — Q model is one of the emblematic lattice models 
for the DQC scenario, a recent MC study [11] made a 
comparative analysis of its phase diagram with the one 
obtained from the non-compact CP 1 model. While both 
models agree over a substantial portion of the phase dia- 
gram for moderate system sizes, they behave differently 
at larger system sizes [11]. Furthermore, there are in- 
dications that none of the models become critical, which 
would corroborate a weak first-order phase transition sce- 
nario. Recent large scale simulations |12| on the non- 
compact Abelian Higgs model with CP 1 constraint in- 
dicate that the existence of a tricritical point cannot be 
ruled out. 

This brings us to the main topic of this paper, namely, 
a quantum field-theoretic analysis of the non-compact 
Abelian Higgs model with a global SU(N) symmetry. 
In the present context, there are two relevant versions of 
this theory, a non-linear and a linear one. The non-linear 
theory corresponds to a CP^ -1 model with a Maxwell 
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where F^ v ■■ 
sr N i„ 12 



d^Au — d v A^ as usual and the constraint 
\z a \" — 1 holds. The linear version softens this 
constraint and has the more standard Higgs model form 

m 
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(3) 



Both models have the same symmetries. In parameter 
regimes where a critical point exists, they should be- 
long to the same universality class. This can be con- 
veniently investigated by considering the large A limit of 
both models. Indeed, in the limit e 2 — > oo, both £ cp jv-i 
and vCniggs have exactly the same critical behavior for 
large A [Tl]. However, a recent calculation of the spin 
stiffness at large A and finite e 2 [T5] showed that p s expo- 
nentiates to a Josephson scaling form only when e 2 — >• 
or e 2 — > oo. This corresponds to the 0(2N) or CP^ -1 
universality classes, respectively. For finite values of e 2 , 
the spin stiffness exhibits logarithmic violations of scaling 
[15] . Interestingly, such logarithmic violations of scaling 
in the spin stiffness have been reported in recent MC 
simulations of the J — Q model [SJ H2] . 

We start by briefly revisiting the e-expansion of the 
Higgs model ([3]) and introduce the renormalized dimen- 
sionless couplings / = m~ e ej i and g — m~ e v,R, where m 
is the renormalized Higgs mass, which corresponds to the 
inverse correlation length. The one-loop RG /3 functions 
are well known [17] . 
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-eg-6fg + (N + 4)g 2 + 6f 2 . (5) 



There are two relevant regimes where critical points arise, 
depending on the value of the gauge coupling fixed point. 
For / = we have a nontrivial fixed point g* = e/(N + 
4) governing the critical behavior corresponding to the 
0(2N) universality class, while the line / = /* = 3e/N 
contains a critical (g+) and a tricritical (<?_) fixed point 
for N > N c = 6(15 + 4-/L5), given by g± = e(18 + 
Af ± VA)/[2N(N + 4)], where A = A 2 - 180A - 540. 
It is easily seen why leading order 1/A calculations fail 
in producing a tricritical point. Namely, for large A we 
have 5+ ~ e/A and g_ w 0, implying that the tricritical 
point is a higher order effect in 1/A. We are interested 



in analyzing the quantum critical behavior near the line 
/ = /*. This corresponds to a regime where the bare 
gauge coupling becomes essentially infinite. This can be 
easily seen by considering the solution to Eq. Q, 
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where A is an ultraviolet cutoff, and /a = /(A) = e 2 A _e 
is a finite number for large A. We find / — > /* as e 2 — > oo, 
which is the same asm — > 0. We therefore see that 
the existence of a critical point is equivalent to having 
a strongly coupled theory. Hence, the behavior near the 
line / = /* should correspond to a crossover to the criti- 
cal behavior of the CP^ -1 model fl2J). In order to under- 
stand this quantum critical behavior, we solve Eq. ([5| 
along the line / = /* for N > N c , obtaining 
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(7) 



where w = md/3 g (g + , f*)/dm = ev A/TV is the exponent 
governing corrections to scaling. Note that g — ^ g + for 
m — > 0, while g — > g- when m 2 ^> A. 

Next, consider the case N < N c . We are ultimately 
interested in the case N = 2. In this case, the fixed points 
g± are complex conjugate to each other, since A < 0. In 
this case m does not have a power-law behavior. Rather, 
we obtain, 
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A 2 " 



2TV 



exp 



arctan 



where g c = Re (g±) 
Gaussian fixed point 



2N(N + A)(g-g c ) 

J '(8) 
The limit e — > features only a 
In this case, it is known that the 
phase transition is first-order [18]. In the limit e —¥ 0, 
both Eqs. Q and @ become m 2 /A 2 = cxp{-2/[(TV + 
4)g]}. The CP^ -1 model has a similar behavior at its 
critical dimension, d = 1 + 1. We note that m 2 /A 2 does 
not vanish at g = g c . As g — ¥ g c + it approaches its mini- 
mum value, (m 2 /A 2 ) m j n , and jumps abruptly to its max- 
imum value, (m 2 /A 2 ) max , which is attained as g — > g c ~- 
The difference (m 2 /A 2 ) max — (m 2 /A 2 ) min is much larger 
than (m 2 /A 2 ) min , showing that the mass gap fails to van- 
ish as g c is approached from above. Adhering further to 
the logic of the e-expansion, we can write approximately, 



in ~ 
A 2 



exp 



(N + 4)(g-g c ) 



(9) 



which vanishes as g — > g c +- On the other hand, ap- 
proaching g c from below causes m to grow to infinity. 
Theories with this type of behavior featuring an essential 
singularity, are said to undergo a conformal phase tran- 
sition (CPT) |19|. A CPT corresponds to a higher di- 
mensional analog of the Berezinsky-Kosterlitz-Thouless 
(BKT) transition [20], in which the inverse correlation 



0.025 






0.020 



0.015 



0.0 



0.2 



0.4 



0.6 



0.8 



1.0 



g 



FIG. 2. Spin stiffness obtained by inserting Eq. Q into Eq. 
(Ill and setting N — 2 and e = 1. There is a universal jump 
at g = g c . 



length features an essential singularity at the critical 
point. CPTs frequently occur in gauge theories, and are 
associated with a breakdown of conformal symmetry at 
a quantum critical point. This aspect of gauge theories 
is related to the so called trace anomaly [21] of the stress 
tensor. In the present context, it can be shown that the 
trace 9 of the stress tensor, does not vanish at the crit- 
ical point. Rather, 9 — (r^^F 2 , where 77^4 = e is 
the anomalous dimension of the photon. When e = 0, 
the theory is conformally invariant at the fixed point, 
the first-order character of the phase transition not with- 
standing. This is because at the fixed point in d = 3 + 1, 
the theory corresponds to a free field theory. 

It is also interesting to note a further parallell be- 
tween the BKT transition and a CPT. In gauge theories, 
Elitzur's theorem [22] forbids the spontaneous breaking 
of a local gauge symmetry in any dimension, while in 
a BKT transition the Mermin- Wagner theorem [23] ex- 
cludes spontaneous symmetry breaking of a global con- 
tinuous symmetry in two dimensions. Recent lattice sim- 
ulations [23] shows evidence for the existence of a CPT 
in SU(N) gauge theories in d = 3 + 1. The result (|9]) 
indicates that the phase transition associated with DQC 
quite possibly may not be rubricated as a first- or second- 
order phase transition. 

In order to find further signatures of a CPT, we search 
for universal behavior in physical quantities. The spin 
stiffness p s is a crucial physical observable in DQC. In 
the case of a CPT, it must have a behavior similar to 
what is found in a BKT transition, where the superfluid 
stiffness exhibits a universal jump at the critical point 

To facilitate computing p s within the present formal- 
ism, we observe that in the Higgs phase the renormal- 
ized photon mass is given by m 2 A = 2e 2 R p s and use 



the fact that m 2 /m 2 A 
tion for p s , mdp s /dm 



g/(2f) to derive an RG equa- 
(2 — e — fig/g)pa-> an d solve it 



over the line / = /*. The solutions have the scaling 
form, p s — m 2 ~ e F(m/A). Consider first the case hav- 
ing N > N c , where a second-order phase transition takes 
place. We obtain the typical Josephson scaling, including 
corrections to scaling behavior 
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When N < N c , on the other hand, we have 



V + 18 + x/lAltan 



2N 



(10) 



(11) 



The factor e in the argument of the tangent in Eq. ( 11 ) 
prevents the use of Eq. Q in it, and Eq. ^ has to be 
used instead. This leads to a universal jump as g — > g c + 
given by 



exp 



JVtt(2-£) 

2<Ly/\K\ 



A 2 - 



(12) 



Thus, we have obtained another expected feature of a 
CPT reminiscent of the BKT behavior [25] . 

Note that when expressed in terms of m, Eq. ( |11[ ) 
exhibits a logarithmic violation of scaling, a behavior ob- 
served in MC simulations of the J — Q model [H [TB] and 
discussed recently in a large N context in Ref. [15]. In 
Fig. [2]we plot p s for N = 2 and e = 1. 

As a final calculation to support a CPT scenario in 
DQC, we consider the dynamics of magnetic monopoles 
inside the VBS. In order to analyze it, we need to perform 
the calculation at fixed dimensionality. A controlled way 
of doing this is by using the large N formalism in the 
QpJV-i moc Lcl, Eq. (J2J). At leading order a standard 
calculation yields the mass gap, M, for g > g c , 



M 2 
A 2 " 



1- 



'/ 



(13) 



where g c — 2ir 2 /N. By computing the vacuum polar- 
ization, we obtain the correction to the Maxwell term 
responsible for the most important contribution to the 
monopole dynamics. By considering the strong-coupling 
regime e 2 — > oo, we obtain 
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A Maxwell Lagrangian in three spacetime dimensions 
supports magnetic monopoles, provided the 27(1) gauge 
group is compact. This amounts to considering compact 
electrodynamics [3] , which is equivalent to a field theory 
for a Coulomb gas of monopoles. The monopole action 
is given by 
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where % = ±1,±2, .... The first two terms are the 
usual contributions originating with compact electrody- 
namics in 2 4- 1 dimensions [3]. The last term was com- 
puted in Ref. 26, We will consider only the contri- 
bution having instanton charges qi = ±1, which yields 
Px w 0.06 [3B]. Therefore, the corresponding field theory 
for the monopoles is given by the following sine-Gordon 
Lagrangian 
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where s = y/Ng/[A8A(g - g c )], and 
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is the fugacity of the Coulomb gas. Therefore, within a 
Debye-Hiickel approximation, we find the screening mass 
gap of the monopole gas given by 
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A 2 n 2 Ng 
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(18) 

Eq. ( 18 ) gives the mass gap of the confining dual photon 
in the VBS phase. Note that this is not a simple power 
law, providing further indications of a CPT. 

Summarizing, to obtain improved understanding of de- 
confined quantum criticality, we have analyzed the e- 
expansion of the Abelian Higgs model in the allegedly 
first-order phase transition regime along a line in the 
RG flow diagram determined by the gauge coupling fixed 
points defining the strong-coupling regime. We have 
argued that within the accuracy of the e-expansion, a 
conformal phase transition associated with a deconfined 
quantum critical point occurs. We obtain a spinon mass 
gap featuring an essential singularity at the critical point. 
Similarly to the BKT transition in two dimensions, we 
find that the spin stiffness has a universal jump at the 
conformal phase transition critical point. We find further 
evidence for a conformal phase transition by analyzing 
the VBS phase at large N in the presence of magnetic 
monopoles, where the screening mass of the monopoles 
also exhibits an essential singularity at the critical point. 
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